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The solution of this equahon s
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The physical meaning of & is that it represents the momentum of the clectron divaded b, .
as shown:
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The magnitude of ko= |k =_A_=:g_'= .

Each electron will have its own & and its own energy.
For an electron moving in a one dimensional periodic potential the potential energy & g
by the relation
FRx) =Fi+a)
where ¢ is the period equal to lattice constant. In this case Schrodinger's equation becoms
-‘-2"\—\?- - _:zﬂ lE r -
& o E-V@lv=0
With reference to the solution of this aquation there is an important theorem known = 3
theorem or Floguet ¥ theorem which states that there exist solutions of the form
V) = et (x)
where M) = p (x+ @)
Thus the solutions are plane w ; @ A
has the same periodicity s the latics constang 1+ O By the function g, 1)
Mh:«ioa.m“meﬁmctimot‘me DPe W (x) = gt
Wave vector & gives the direction of Bloch wave.
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H, (x) is called Block funcrion T

. YOI =470+ Bg(x) v
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"'mf“*“)""s(“a)mwumbeunm en0dic, Le, ¥ (x) = ¥ (x + a), thered®

equation of the second order can have - of equation (i7). Since a di
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flx+a)= QO g g (x), ie, o
and z(x+a)-n'f(")*ﬂ;g(x) o
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and v(x+n)-df(x+¢)+ag(x+')
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\(n"“‘ 18 1 . } We have
o, f(x) + Aa, g (x) + BB, J(x) + B, g (X)

I3, f(x) + (Aa, + BP,) 8 \X) (viir)

NOW \('\\: aobb such that
O (H;
o, + B ] (x)
" onstant. Substitutine
y le__ in Q. (viif), we get
Y+ a) A TX) + AR g (X)
\ \\"\”'H.\:(\H A (x) .,(XI)
Cor ons (& and (x) y ] o \ Y p | ici
Fquations W EWHTERIVE non-zero values of A and B if the determinant of their coefTicient
ynishes, L&
Vaiiis
| &, A LE\
| Q, By = A 0
A2
\ 104 t % 11
@ +B) A +oB—-aB =0 . (xid)

Wwe shall first prove that ulﬁ: = u2B| = 1 as given below,

As f(x) and g (x) are two real and independent solutions of Eq. (i)

dzf(x) 2m

, we have

& g E-V&f)=0 ... (xif)
| d'g (x) 2y
and T 7 [E-V (X)) gx) =0 .. (xv)

Multiplying Eq. (xii7) by g (x) and Eq. (xiv) by 7(x) and subtracting former from the latter, we
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X df (x
or i) == g( ) - g fdi) = a constant
The left hand side is ca]led Wronskian, W (x), of the solution and is constant in this case.
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Now from Eg. (vi) and (vzz), we get

dg(;;a) L e df(z:a)

GG dix)]_ g(ﬁa)[al 40, % d’(cx)}

df (x) ;B dg(x)]
T Res oty

=0

Wix+a)=f(x+a)

= f(x+a) l:BI

= [o,f (x) + 0,8 (] I:Bl

(B 0+ Pag (]| ) L o, £

dg (x) df (x )]

= (o,B; — ;P )[f (x) — g (x)
= (a|Bz = azB]) W (x) . (Xv)
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Hence, Eq. (x//) becomes
Ly

)\,' (o, H ) A= | () | |
' ‘l | ' : are TWO rootls A and ) o
) is o real function of energy E. There arc 1 'y

re will be two functions W, (x) and V.
oots Ah, = 1.

'I‘h.c quantity (e, + [3, (x) which have the prop,
quadratic equation, so the
gy (x + @) = Ay (x). The product of the two r
We consider the following cases: an
b oL gicch a4 case E‘I . (XVJ’)- ‘A]” have LU”'pl“"" o)
(i) For energy ranges such that (o B, <4.In such a casc 4 wrefore. We w
. ' il . = ate of each other. Therefore, we wrile
Since A A, = | these roots will be complex conjugate o
)\-| L,hhl and A’Z = ¢ tha
where £ is real. h et
N . o . H > £ 2 the r - )
The corresponding functions ; (x) and y, (x) will then have proys
and gy, (x+a)=e hay, (x)

Thus in general
y(xta) = ey @)
It can be seen that a function having the property given by Eq.
the type given in Eq. (/i)
ie., y(x) = ety ()

by replacing x by (x + a), then we get
y(xta) = ekt (x+a)

= g* tha ot Ihx T (X)

(xix) is the Bloch function ¢

because W, (x +a) = p (x) Alsoe* e, (x) =y (x)
Y (x+a) = e ™y (x) = Ay (x) .
where A = etlka

We, therefore, find that Eq. (xix) and Eq. (xx) are the same. This proves Bloch theorem.

(i) For the energy range such that (o, + 3,)* > 4. In such a case Eq. (xvi) will have real ot
A, and A,, which may be taken as

A‘I = ehd and 12 = pHa
where p is real. The corresponding solutions to the Schrodinger’s equation are
Vi (x) = e u (x) and Y, (x) = e H(x) o ()

Though mathematically valid, these wave functions are not allowed because these functio®
become infinite at + o or — o, /e, they are not bounded functions.

The roots A, = e** and A, = e (allowed roots) as well T >
forbidden roots) are functions of («t, + f3,), h ) as the roots A, = " and 4,
(o . il h Mt of energy E. The allowed roots correspond {0 the
allowed energy regions and the forbidden (or disallowed) roots are associated with ﬁ”b"dden

energy regions. This means that the energy spectrum of an electro ing i iodi L
consists of allowed and forbidden energy regions or bands. gl et
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